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ABSTRACT

A class of generalized Lévy Laplacians which contain as a special case the
ordinary Lévy Laplacian are considered. Topics such as limit average of
the second order functional derivative with respect to a certain equally
dense (uniformly bounded) orthonormal base, the relations with Kuo’s
Fourier transform and other infinite dimensional Laplacians are studied.

1. Introduction and preliminaries

Hida’s calculus which developed recently is a kind of infinite dimensional analogue

of Schwartz’s distribution theory based on the following Gel’fand triples,

where (S(R')*, B(S(R')*),

realization of Fock space on it. Infinite dimensional Laplacians similarly to the

(8) € (L?) = L*(S(RY*, B(S(RY)*), u) C (S)",

finite dimensional ones have been discussed within the framework of white noise
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i) is the standard Gaussian space and (L2) is a
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calculus, i.e., Lévy Laplacian, Volterra Laplacian and Number operator [9], [10].
In particular, among these Laplacians Lévy Laplacian, by its essence of an infi-
nite dimensional Laplacian, plays an important role in white noise calculus and
its applications. It has been studied by many authors. It is particularly worth
mentioning that T. Hida [4], motivated by Lévy’s famous work over H?[0,1],
introduced the so-called Lévy Laplacian Ay, into the theory of generalized white
noise functionals. An infinite dimensional rotation group characterization of Ay,
was obtained by N. Obata [16]. The relationship between Az and Kuo’s Fourier
transform was also studied by T. Hida and K. Sait6 in [8]. A class of Schrodinger
equations which are closely associated with Ay were considered in [19]. On the
other hand, recent interests aiming at its applications are, for instance, quan-
tum mechanics, Feynman integral, quantum many time theory [6], [10], non-
commutative quantum probability [11], [15] and vector-valued white noise func-
tionals [17] and so on. The reader is referred to these papers for further details.

Recently, L. Accardi, P. Gibilisco and 1. Volovich {1}, motivated by the reformu-
lation of Yang-Mills theory avoiding the uses of the “vector potential”, proved
that under some circumstances Yang-Mills equations are equivalent to certain
Laplacian equations with respect to generalized Lévy Laplacians defined on the
set of piecewise C™ functions p: [0,1] — R" for which p(0) = 0. Therefore, from
the white noise calculus point of view the following problems naturally arise: Do
we have the similar generalized Lévy Laplacians and Laplacian equations in white
noise calculus? What are the corresponding properties? In the present paper,
we shall study the generalized Lévy Laplacians and their properties within the
framework of white noise calculus.

Assume A denotes the self-adjoint extension of the following operator on H =
LER!):

de 2 o] 1
Af) =S5+ (L+ad)f(@), [ eCP®.

This is called the harmonic oscillator operator [10]. By virtue of B. Simon [22],
we can construct a class of Sobolev spaces over R! by means of A as follows. Set
— (_1\n(1/29n ——1/21:22£—2
en(z) = (=) (r1/22"nl) "1 2e /[dx"ez]’ n 20,
then e, (z) € S(R!) and we have Ae, = 2(n + 1)e,, {€,,n > 0} is an ONB of
L?(R!). Define for p > 0

x>

SRY) = {7 € PRY) : IfIB, = I4°fIE =3 < fren > [2(n+ 1)) < oo}.

n=0
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Then S,(R') is a Hilbert space and furthermore, for arbitrary p < ¢, S,(RY C
Sp(RY) and

SRY= [ SR, SRY = |J S,RY.
pER 4 pERL

Moreover, S_,(R!) is the dual of S,(R'). The dual pairing < -,- > between
S_p(R!) and S,(R?) is given by

(6, 9) = (dend(Pren), dESHR), ¢eS,RY,

n=0

In other words, for arbitrary p > 0, S,(R') is the L?(R!)-domain of AP and
(I fllzp = [l AP f|l2 where || - ||2 is the norm of L%(R!). For p < 0, we could also
define the norm || - ||z, similarly.

For n > 2, we put

Sp(R™) = {f € L*R") : ||fl2,p < o0}

where

2
91, =7 siE= 3 T (266 + V]|, 0,8 -,

kg =1

Here I'{\A) denotes the second quantization operator of A. I'(A) is defined on the
dense subset spanned by {fi® - ®f,, fi € L2(R!)} of symmetric Fock space of
H as follows:

We denote simply by (L?) the space LZ(S(R!)*, B(S(R!)*), u). Hence for each
¢ € (L?) there exists uniquely a sequence {f(™,n > 1} in L2(R") such that ¢
admits the It6—Wiener decomposition

¢ = Z In(f(n))

n=0

where L,(f (")) is the multiple Wiener integral of f(™ defined by
MUY =t [ f sy, su)dBy, B,
§1<<8n

As a direct consequence, we can easily have [|¢]|3 = 3o n!|| £()|3.
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In the sequel we usually write ¢ ~ (f(™) to specify the sequence {f(™}. Now
we are in a position to construct Sobolev spaces over the white noise space.
Suppose p > 0 and set

oo
S = {¢ € (L: 6~ (f™), S nlllf™ME, < 00};
n=0
then (S), is a Hilbert space with the norm || - ||z, given by

o0

113, = > nlllF ™3, < oo
n=0
For each p > 0 we denote by (S)_, the dual space of (S),. Here we identify (L?)
with its dual. Each element of (S)_, corresponds uniquely to a sequence {f(™}
with f®) € S_,(R") satisfying

[o ¢}

I13,—p = D nlllF ™5 -, < oo,

n=0

For each p > 0 we have (S), C (L?) C (8)-p. {(S)p,p € R'} is called Sobolev
spaces over the white noise space. Define

)= p &)= U -

PER+ P€R+
We call the element of (S) (resp. (S)*) white noise test functional (resp. distri-
bution).
The S-transform of functional ¢ € (S)* is defined by

(SE)E) = ((9,: €4 1)), €€ SRY)

where : (€ :=: exp{(-, &) —1/2-||¢]|3} in (S) and ({-,-)) denotes the dual pairing
between (S)* and (S).

The Hida’s differential operator 8, t € R, is defined as
9
8¢ (t)

where 6/0£(t) stands for Fréchet functional derivative [10]. This operator could
also be interpreted as Géateaux derivative in the direction of 4;, delta function at
t. More specifically, let ¢ € (S) and x, y € S(R!)*; the Gateaux derivative of ¢
at x in the direction y is defined as

o= 57{=(59)©)}, €eS®Y, $e(S)

d
Dyd(z) = 0z + 59)],:
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It is well known that [10] for all y € S(R!)*, D, is a continuous linear operator on
(S) and, if y € S(R!), it can actually be extended to a continuous linear operator
on (S)*. Accordingly, for all y € S(R!)* the dual operator Dy is a continuous
linear operator on (S)* and, if y € S(R!), its restriction is a continuous linear
operator on (S). For the special choice y = d;, we have 9, = Dy, .

Definition 1.1: (a) A white noise distribution ¢ is called an L-functional if for
each £ € S(R'), there exist (S¢)'(€,") € LL.(RY), (S¢)r(¢,-) € L} .(R!) and

(S¢)v(€,-,-) € LL (R?) such that the first and the second order variations can
be expressed uniquely in the forms

(S0 = | (59) (€ Ome)ar,
(50 ©0.0) = [ (SOt omecs)das+ [ (5o omvc,
R? R!

for each pair 77, ¢ € S(R?!), and for any finite interval T C R}, Jr(Se)L(€, t)dt is
a U-functional.

{(b) Let Dy, denote the set of all L-functionals. For ¢ € D and any finite
interval T C RY, Lévy Laplacian A7 is defined by

afo=5"{ [ Sonena}.

We also apply the same symbol AT to the U-functional of the L-functional.

2. Generalized Lévy Laplacian

In this section we suggest a natural generalization of the usual Lévy Laplacian,
originated by P. Lévy in H = L2[0,1] [14] as an infinite dimensional extension
similarly to the finite dimensional Laplacian and subsequently were well studied
in white noise calculus by a number of people mentioned above [10].

Our generalization differs from the original one (see [10]) which allows only
d-function type singular in the kernels of the second order functional derivative
instead of permitting derivatives of any order of d-function. The sort of higher
order singularies have appeared in the reformulation of Yang-Mills theory in
order to avoid the use of vector potential [1], [3].

Definition 2.1: Assume ¢ € (S)* and F(¢) = S¢(£). For each £ € S(R!) we call
¢ or F an M-order GLV (Generalized Lévy, Volterra)-functional if F'(£)
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has the following finite functional derivatives of the forms: for 7, ¢ € S(R?!)
M
PO =Y [ FoleonOw,
=0 R!
M
(2.1) (F'(&),ne¢) =) /R For(& (¢ @),
=0

M
+3 [ Fovte.s im0 @) dsdt,
=0

where 7(¥)(¢) denotes the i-th order derivatives of 5(t) and Fuy, Far,;) and Fgy, ;)
satisfy the following conditions:
(1) For each &, F3)(¢,-) € L, .(RY), Far iy(¢,-) € LL.(R?) and Fgy (¢, -,-)
€ L} (R?) is symmetric.
(2) For any finite interval T C R', [.Fgr)(€t)dt < oo and
Jr Fov,i)(€,8,5)ds < 0o are both U-functionals.
(3) The integer M is taken as small as possible such that all conditions de-

scribed above are satisfied and therefore the decomposition (2.1) is unique.

Bearing Definition 2.1 in mind, we are in a position to define the generalized
Lévy Laplacian and Volterra Laplacian as follows.

Definition 2.2: For any M-order GLV functional ¢ € (S)*, F(¢) = S¢(¢) and
finite interval T C R}, M € N. The generalized k-order (k < M) Lévy
Laplacian Agfqu € (8)* (or Ag‘%F(f)) is defined as

k _ 1
AR =5 1{mAFcL,(k)(€,t)dt}
or 1
AY F(E) = = / Fer (€. t)dt.
IT| /7

The generalized k-order Volterra Laplacian Agc‘),gb € (8)* (or Agf‘),F(ﬁ)) is
defined as

_ 1
Agct)/¢:5' l{mAFGV,(k)(€7tyt)dt}
or

1
A(c:'cx)/F(f) = mLFGV,(k)(f,t, t)dt.

Clearly, whenever k = 0 above, Definition 2.2 turns out to be the ordinary
case. From now on, unless otherwise specified we suppose k # 0 in the following
sections.
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Example 2.1: Extended Normal Functionals. Assume
M

F(&) = Z felty,.. _’tn)(f(k)(tl))pl ---(f(k)(tn))”"dtl oo dty,

k=0 YR

where f, € L} _(R™) and ¢ denotes the k-order derivative of £(t).
By a direct computation, we have for arbitrary 5, ( € S(R1)

M n
(F'©).m)=Y_> p /R filtn ) €O )

k=0j=1
WP (€O 1) -y,

Therefore

M n
P90 =3 Y pi(0s = 1) [ fultreeoota) - €0

k=0 j=1

e (g(k)(tj))”f“2 e (g(k)(tn))pn . U(k)(tj) . C(k)(tj)dtl - dty,
M n

+3°3 pips / Frltn, - ta) (€W ()P - (€W(t))P
k=0i,j=1 R7

e (é(k)(tj))l’j_l e (g(k)(tn))pn . n(k)(ti) . C(k)(tj)dh cediy,.

Thus, under some regular conditions we can suppose F is a GLV-functional and
Definition 2.1 immmediately yields that:
The k-order generalized Lévy part is

S pilpi— 1) / Feltas o stn) - €))7 - (€W 2o
j=1 Rnr—1
e (f(’”(t,l))””dtl .. -dt} codty,
and the k-order generalized Volterra part is
(3
S pips / Feltrs oo t) € ()P - (6B ()P~
i,j:l Rn-2
e (5(k)(tj))m—1 e (£(k)(tn))”"dt1 coedfy - dt} e dty,,

where the symbol “A” denotes the term is deleted.

Example 2.2: Extended Exponential Functional. At the present moment, let us
define ¢ =: exp{c [, f(t)(z™)(¢))%dt} : as a white noise distribution with its
U-functional

Fi§) = e {25 [ 1P 0)zar)
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where f(t) € L, (R'), c#1/2, AC RL
Clearly, letting f(t) = 1, k¥ = 0 immediately yields the ordinary exponential

functional
¢ =: exp c/:ctzdt 1.
(¢ ] =t7at)

On the other hand, by a direct computation we can easily obtain for any finite
interval T C R!
2¢  Jpaa f()dt
—2  |T] ¢.

The next theorems show that under some circumstances, the generalized Lévy
Laplacian Agcz is actually a derivative operator despite its definition being closely
associated with a second order functional derivative.

k
AGLY =7

THEOREM 2.1: Suppose either (1) 6 is a polynomially bounded C?-function over
R! and F is an R!-valued M-order GLV-functional with smooth kernels, or
(2) 6 is a polynomially bounded analytic function on C and F is a C-valued
M-order GLV-functional with smooth kernels. Then G(£¢) = 6 - F(£) is also a
GLV-functional and

ARG = 0'(F(©))- AZLF(E), €€SRY), k<M.

Proof: First note that G is a U-functional since 6 is polynomially bounded. On
the other hand, for arbitrary £, 7 and ¢ in S(R*'), we have

(G'(&),m) =0"(F(£)) - (F'(€),m)
(G"(&),n® ¢) =8 (F())(F"(€),n® () + 6" (F(E))F'(&), m}{F'(€),¢)

M
:Gf(F(f)){ Z / FGV,(i) (5, s, t),,](i) (3)((1)(t)dsdt}
i=0 /R?
M . .
+0FO X [ Farp om0 9 @)
j=0

M i ‘ .
2 0EEN [ Foles o (s

for some F(i)(ﬁ .)€ L} _(R?). Hence it is clear that

loc

GorL,w)(€:t) = 0(F(€)) - FoLw)(§,1),

which immediately implies that

A® G(e) = 0'(F(€))- AGLF(E). m
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THEOREM 2.2: Assume ¢, ¢ € (S)* are both M-order GLV-functionals F(£) =
S¢, G(&) = Sy, H(E) = F(§)G(€). Then ¢ : ¢ (Wick product of ¢ and i) is also
the M-order GLV-functional and, for arbitrary k < M, we have

A8 (¢:9) = (A8 ¢) v+ o (ALY
and
A® H(e) = (A% F(€) - G(&) + F(€) - (A% G (€)).

Proof: Assume F(¢), G(£) have the following second order functional derivative
decompositions. For any &, n and ¢ € S(R?!)

M
(F"(€),n® () = Z / For, (& HmOcO @dt

s | Faviole.s ms)cO s

=0

and

M
(G"(€),n® Q) Z/ G o) (€ D (O (1)t
=0

S || Gaviole.s s e)dsat.
i=0 VR?
On the other hand, by a direct computation we easily have

(H"(€),n® ) =(F"(£§),n® )G(&) + (G"(£),n® (YF(§)
+ (F(€), m{G'(€), ) + (G'(€), m(F'(£),¢)-
Therefore, we can easily get
AGLH(E) = (AGLF(9) - G(O) + F(€) - (AFLG(©),
that is,

AR @)= (A8 ) v +6: (a5 y).

We recall that the convolution of two Hida distributions ¢ and v is the white
noise distribution ¢ x ¢ defined by

(2.2) pxY=¢:tp:g2

where g. is a white noise distribution with its U-functional given as

(Sg:)(8) = eXp{ - 2((—:11—)%“%}, £eSRY, c#-1.
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It is well known that

(2.3) (Ap+1)(¢+9) = (AL +1)¢) xp + ¢ (A + 1))
Bearing (2.2) and (2.3) in mind, we are in a position to derive

COROLLARY 2.3: Assume ¢ and 1) are in D(Ag‘%), the domain of Laplacian
Agc ,1; then ¢ : ¢ is also in D(Agf ,)J) Moreover, we have the following:

AR pxp = (A8 gy xyp + 65 (AL ).

3. Relations with other Laplacians

In this section we shall consider the relations between generalized Lévy Lapla-
cian Ag}J and other infinite dimensional Laplacians N, Ay, Agf‘), The relation
between Ag“}l and Ag will be considered in the next section.

Firstly, we recall that the Gross Laplacian is a white noise kernel operator
given by

Agz// tr(s,t)ds - Oedsdt
R2

and the adjoint operator Ag; of Ag is a white noise kernel operator given by

G = //R2 tr{s,t)0; - 07 dsdt.
Furthermore, for any ¢ in (S)* we have
S(A59)(€) = lIEll3 - S¢(€), € € SRY).

The reader is referred to [10] for further details on the aspect.
It is also well known that for each ¢ € D(AyL),

Ay - AE¢ =2¢+ AZ; -Aro.
THEOREM 3.1: Assume ¢ € D(AY)); then the following equality holds:
AS) - Ase =A% - A%,

Proof: Set F = S¢. Then the S-transform H(£) of A% ¢ is given by H(§) =
IEIBF(€). Set G(£) = ||€||2 and we can easily see that Agfj)JG = 0. Hence, in
terms of the derivativity of Ag“%, we have

AZLH(E) = g3 - (a8LF(©)
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which immediately implies that

AG)-DbLg =A% - A%Le
as required. [ |

THEOREM 3.2: Assume N is the number operator; then the following commu-
tative relation holds:

[N.AGe = N- A8l - A% - No = —285) ¢
for all g € D(AY)).

Proof: Assume ¢ € ’D(AgC ,)J , F'= 8¢ and G = S(N¢). Then by the properties
of N from [10], we have
G(&) = (F'(£),6).
Clearly,
(G"(€),n®¢) =2(F"(§),n® ) + (F"(£),£@n®C)

which immediately implies that

Gar,k)(&:t) = 2Fgr (1) (&) + (For,w) (- 1)(£), £).

Therefore, we obtain that

SA%) (N)(€) = 25A%) 6(&) + SN(AE) g)(6).  m

Suppose ¢ > 0 and K. is a C®-function over R! satisfying the following
conditions:

(1) supp(K.) © (~1/2,1/2);

(2) 0 < K. (t) <e!forallteRY

(8) [27, o) Kc(t)dt = 1;

(4) limesyo [207, 6(t)Kc(t)dt = $(0) for all € C(RY);

(5) lim,_,p ea(€) > 0 where a(e) = f_lﬁz K.(t)%dt.
Recall that T is a fixed finite interval in R' and define an integral operator Q.
by

Q&(t) = /T K (t — s)¢(s)ds.

Note that Q. is a Hilbert-Schmidt operator on L?(T) and is continuous from
L?(T) into S(R?).
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THEOREM 3.3: Let Ty denote the interval {x : dist(z,T) < 1/2}. Assume F is
a GLV-functional with the following decomposition given by

M
(F'€)n®¢) =) / Fer (& tm® ()¢ (t)dt
1=0 R!

M . .
£y /R Fav (6,5, 0m0(s)C0 (dsdt.

=0
Assume that Fgy ;y(¢,t) and Fgy,;y(€,s,t) are continuous in &, s and t.
Suppose there exist nonnegative constants c, cy 4, €24, €154, C2,55 > 0,4, J € N
and p, g > 0 such that
(a) sup{|For, (& Dlit € Ti} < crexp{caillél3, } for all € in S(RY);

(b) sup{|Fgv,;y(&: 5, )]s 8, ¢ € T} < Cl,j,jexp{cz’,j,jHfllg,p} for all € in S(RY);
(c) |APQeA™ | L2(rry < c for all € > 0.
Then the following equality holds:

*) 7 i L AR
AgiF = ll_l’)% () Agy (F - Qe).
Proof: Set F. = F-Q,; then F!' = Q.- F"(Q.) - Q.. Q¢ is a Hilbert-Schmidt
operator defined by the kernel K.(t) and Q.n vanishes outside Ty for arbitrary

n € L*(T). Thus for any 5, { € L?(T), we have
<Fe"(§)a ne C) :<F”(Qen)7 (Qen) ® (Qe())

M
= N . (i) (O]
(3.1) ; /T 1 Far,(Q51)(Qen™ (1))(QC™ (1)) dt

M
> / /T Fav,)(Qet; 5:4)(Qen () (Qe¢ 1 (1) dsdt.
i=0 i
Using the properties of kernel function K, we can easily rewrite (3.1) as follows:

(1) (%)
F! =§ Ac i€, 81, ¢ Y(s9)ds1d
(Fl(€),n®¢) i:()//T2 (&5 s1,82)n (51)CY (s2)ds1dsa

M
+ Z// Be i€, 51,52)n7 (51)¢W (s2)dsrdsy
j=0" 'T*
where A, ;) and B, ;) are given by
Ac 5)(§; 51, 52) :/T Far iy (Qe€, t) Ke(t — s1)Ke(t — s2)dt,
1

B (iy(&, 81,82) = //2 Fov,i)(Qc, 5,t)K(s — 51) Kc(t — s2)dsdt.
T
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Hence we can easily obtain

1
AR = r{ [ Aol st [ Boy(essias)
7] T
Now, by virtue of assumptions (b) and (c) we see that for all e > 0 and ¢ € S(R1),

(3.2)  sup{|Fov,x)(Qe&, 8, t)l,8,t € T1} < Cl,k,kexp{c : Cz,k,k“f”%,q}

which, in addition to conditions (3) and (3.2), implies that
[ 1Begotes s, )las
T
Scl,k,kexp{c . Cz,k,k”f“% g / // K (t, — s)K.(t2 — s)dtldtz] ds
=Cl,k,kexp{c'CZ,k,k“£H2q / // K (u)K (v )dudv]ds
[-1/2,1/2]?

=c1ulTlexp{c  carrlléllg, }-

Recall that a(e) — oo as € — 0, hence

. 1
l}_f)l(l) m/ﬂq&,(k)(&&@ds =0.

On the other hand, in view of conditions (1) and (5) we can deduce
|T|/ (k) (&5, 5)d |T| / For, k)€, s)ds
e)lT[/ e (k) (&:8:8) = For,) €>8)/ K( t—s)zdt}ds
_mﬂfT /Tl Far,w)(Qe:t) = Far, /(& 8))Ke(t - s)zdt] ds.

Hence, by virtue of condition (2) we deduce that

|m/TAe,(k)(E,S,S)dS— %AFGL,(k)(ﬁ,s)ds‘
= Em/qq [/T Far,i)(Qek, 1) = FGL,(k)(&S)iKe(t - s)dt]ds.

On the other hand, by virtue of condition (3) we have

Jell,

(Qet,t) — Far (&, t)‘Ke(t - s)dt}ds

<),
T

For,a9(Q:t) = For, (€, 0)|dt
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Therefore, by assumption (a) and dominated convergence theorem we have

CYRUA

Moreover, in terms of condition (1) we easily derive

Jel,

FGL,(k)(Qeﬁ, t) — For,m) (&, t)yKe(t - S)dt}ds =0.

For, ) (Qeé:t) = For, (€ )| Kclt - s)dt bds

AV
:/T(/l/? ‘FGL k) (& u+s) — Far (€, s ‘K )d3

which, in addition to condition (4), immediately implies that

lim T{/Tl \FGL,(k)(f,t) ~ Far, k(& 5)

For,09/(6,u+5) = For9(€,5)| Ke(w)du) ds

)dt}ds

e—0
=/T ’FGL,(k)(&S) - For,x)(&s S)Ids = 0.
It follows from the results derived above that

. 1 1
E%W/;Ae,(k)(&s,s)dS: mLFGL,(k)(ﬁ,S)dS

The conclusion required now follows. |

4. Quasi-average of the generalized Lévy Laplacian

Recall that an orthonormal base {e,;n > 1} of L?(T) is called equally dense if
the following equality holds, i.e., for any f € L°°(T), T C R}, a finite interval

mnz/ft) it = [ sy

In particular, it is called uniformly bounded if sup{|les|loo; 7 > 1} < c0. We
define quasi-average with respect to base {e,} as follows. For k € N,

1 n
ExF(¢ nliynolo—kz (F"(&)e;, e:)

whenever the right side limit exists. Here F(£) is supposed to be a U-functional.
It is well known that if T = [0,1], (1) {1, v2sin2knt,/2cos 2knt,k > 1},

(2) Walsh functions are examples of equally dense systems [5]. Throughout this

section, we suppose T = [0,1], {ex} = {1, V2 sin 2knt, /2 cos 2kmt, k > 1}.
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THEOREM 4.1: Assume F is a GLV-functional with the following second
functional derivative decomposition: 1, {( € S(R!)

k
F (@0 =3 [ Fora(Eon 6O (s
i=0 /R!

k
3 [ Fovp(éos.omaO Osat
=0

Then we have ok 41
A(Gk},F(f) = WE%HF(Q, ke N.

Proof: By the definition of quasi-average, we have for ex = v/2sin 2knt, k € N,

Eor41F(€)

1
= lim W Z(F,l(g)(fj, €]>
7=0

n—o0

I

n k 1 pl
. 1 . TRV N
lim —RTT E 2[ E /0 /(; Fev (s, t)(sm27rjs)( 1)(s1n27r]t)( Vdsdt

7300 " :
7=0 11=0

k 1
+ Z/ FGL,(jl)(ﬁ,t)(sin27rjt)(j‘)(sin27rjt)(j‘)dt]
0

Jj1=0

I

D B S e ) (i o
nlggo T 22/ FGL‘(k)(ﬁ,t)(s1n27rjt)(k)(sm27r]t)(k)dt
j=1 70

. 1 ! : ,
= lim W Z /0 FGL,(k) (67 t) (27T.7)2kf(.7a t)dt
j=1

n—00

(2m)%F /1

A N R
%1/, arL,k) (& t)
(277)215:

- (k)
“aky1oont

where f(j,t) = /2sin 2 jt or v/2cos 2mjt. 1

THEOREM 4.2: Let {1,/2sin 2knt, /2 cos 2knt, k > 1} be the equally dense and
uniformly bounded orthonormal base of L?[0,1]. Let P, denote the projection
onto the linear span of {ey,...,e,}. Suppose F € D(Agﬂg) and assume that, for
arbitrary € > 0, there exists § > 0 such that

|FoL,w) (& t) — Far,a(mt) <e |n—¢€l <.
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Then we have L
(k) _ 2k+1 . 1
Bgr = o2k Jim n2kF1 Ac(F - Fu).
Proof: Let F, = F - Py; then F)/(§) = P,F"(P,£)P,. Hence F/(£) is a trace

class operator of L2([0,1]) and, furthermore, AgF, is given by

AgF, = Z(F"(Pnf)a (Prex) ® (Paex))
k=1

=S (F"(Pyg), ex ® ex).
k=1

On the other hand, it is known that F”(£) is given as follows:

k
F190 =3 [ Fovoe.sn®()0 Odsd

=0
k

+ Z/Rl Far,an® ()¢9 (t)dt.
=0

Thus, we have

n

B8R =Y [ FuPue. ko)

k=1

n k 1 1 | |
+ Z Z/(; /0 FGVv(i) (P‘n£7 S’ t)egl)(s)e’(:) (t)dsdt

k=11i=0

n k 1 ) .
+y°N /0 Fopa)(Pag, t)el (t)el) (t)dt.

k=11i=1

Therefore, by the assumptions and carrying out the same arguments as in the
proof of Theorem 4.1, we can prove that

1 CLRING)
A fel) = g dank
that is,
1 1
AW p_ 2kl AG(F-P). 1

(27)2F n-s00 n2k+1
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5. Relations with Kuo’s Fourier transform

Let us first recall the definition of Kuo’s Fourier transform.

Definition 5.1: The Fourier transform of a generalized white noise functional
¢ € (S)* is the unique generalized white noise functional, denoted by ¢ € (S)*,
whose S-transform is given by

(S$)(E) = {(, ™))

or, equivalently,
(SP)(E) = (So)(—i€) - eV ¢ € S(RY).

It is worth pointing out that in [10] another more generalized infinite dimen-
sional Fourier transform on (S)*, Fourier-Mehler transform, is also considered.
The Fourier-Mehler transform Fpep, § € R}, ¢ € (S)*, is defined as a unique
generalized white noise functional with U-functional

S(Fed)(€) = Sp(e€)exp{i/2 - € sin(|[¢|3) }.
It is also well known that
Ard+Ard=—9.
However, for the generalized Lévy Laplacian we have the following

THEOREM 5.1: Assume ¢ € ’D(Ag‘%), k > 0; then

e —

A+ a%le=0
where “A” in this section denotes Kuo’s Fourier transform.
Proof: Let ¢ € (S)*, F = S¢ and G = S¢; then

G(e) = F(~i€) - exp{ — 1/2/1€3},
(C/(6,0),m(0)) = (=iF"(=i€, )™ /2816 — (t)F(~ig)e2/21E18, (1))
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and

(G"(€)m® )
=(—F"(—i&)(s, t)e—1/2EI§I§ n®C) + e 172113 (€,n)
(P (=i6,8), (1) — F(=ig)e™ /20 (n(2), ¢ (1))
e N ¢, () (F (i), m) + €™M (e(1)e(8), m(0)C (1)

M
o= 1/21(€12 [Z Fov i) (i€, 5,60 (5)¢ O (t)dsdt
=0

. ., 2 M
+ ;/Rl FGL,(z')(_if1t)n(l)(t)c(l)(t)dt] + ge~1/2lI¢l2 ,Z:%/R?{(t)
Fo (€)oo Odsde — [ F(-ighe/8En(o
M
i~ 1/20el: Z/ E()F oy (—i€) (s)n' (s)C (t)dsdt
i=0 Y R?

+ / e~ 2WIEE ()¢ (£)n(5)C (1) dsdt.
R2

Consequently,
-_— 2 B
Gar k(& t) = —e7 /28 . Fop oy (—i€, 1)

which immediately implies that

(5.1) S(AgH)(€) = —e~ /2Nl l}l For i) (~i6, t)dt
On the other hand, we have
S(AE0)(E) =S8 (i) - e/
:e—l/znsugﬁ TFGL,(k)(—ié,t)dt

and
(SP)(€) = F(—ig) - e~ 1720812

which, in addition to (5.1), immediately implies
k) 7 oy
AGLd=-AGL9. W

In a similar manner, we can also prove the following



Vol. 124, 2001 GENERALIZED LEVY LAPLACIANS OPERATORS 175

THEOREM 5.2: For any ¢ € D(A(le),) and any finite interval T C R!, the
following equality holds:

A} (Fog) = e Fy(A%) 9)
where Fy¢ is the Fourier-Mehler transform of ¢, 6 € R!.
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