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A B S T R A C T  

A class of generalized L~vy Laplacians which contain as a special case the 
ordinary L~vy Lapla~ian are considered. Topics such as limit average of 
the second order functional derivative with respect to a certain equally 
dense (uniformly bounded) orthonormal base, the relations with Kuo's 
Fourier transform and other infinite dimensional Laplacians are studied. 

1. Introduction and preliminaries 

Hida's  calculus which developed recently is a kind of infinite dimensional analogue 

of Schwartz 's  distr ibution theory based on the following Gel ' land triples, 

($) C (L 2) - L 2 ( S ( R 1 )  *, B($(R1)*) ,  # ) C  (S)*, 

where ( $ ( R 1 ) * , B ( S ( R 1 ) * ) , # )  is the s tandard  Gaussian space and (L 2) is a 

realization of Fock space on it. Infinite dimensional Laplacians similarly to the 

finite dimensional ones have been discussed within the framework of  white noise 
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calculus, i.e., L~vy Laplacian, Volterra Laplacian and Number operator [9], [10]. 

In particular, among these Laplacians L~vy Laplacian, by its essence of an infi- 

nite dimensional Laplacian, plays an important role in white noise calculus and 

its applications. It has been studied by many authors. It is particularly worth 

mentioning that T. Hida [4], motivated by L~vy's famous work over H2[0, 1], 

introduced the so-called L~vy Laplacian AL into the theory of generalized white 

noise functionals. An infinite dimensional rotation group characterization of AL 

was obtained by N. Obata [16]. The relationship between AL and Kuo's Fourier 

transform was also studied by T. Hida and K. Salt5 in [8]. A class of SchrSdinger 

equations which are closely associated with AL were considered in [19]. On the 

other hand, recent interests aiming a t its applications are, for instance, quan- 

tum mechanics, Feynman integral, quantum many time theory [6], [10], non- 

commutative quantum probability [11], [15] and vector-valued white noise func- 

tionals [17] and so on. The reader is referred to these papers for further details. 

Recently, L. Accardi, P. Gibilisco and I. Volovich [1], motivated by the refornm- 

lation of Yang-Mills theory avoiding the uses of the "vector potential", proved 

that under some circumstances Yang-Mills equations are equivalent to certain 

Laplacian equations with respect to generalized L~vy Laplacians defined on the 

set of piecewise C °~ functions p: [0, 1] -+ R ~ for which p(0) -- 0. Therefore, from 

the white noise calculus point of view the following problems naturally arise: Do 

we have the similar generalized Ldvy Laplacians and Laplacian equations in white 

noise calculus? What are the corresponding properties? In the present paper, 

we shall study the generalized Ldvy Laplacians and their properties within the 

framework of white noise calculus. 

Assume .4 denotes the self-adjoint extension of the following operator on H -- 

L2(R1): 
d2 f 

.Af(x) = ~ x  2 + (1 + x2)f(x) ,  f • C~(R1) .  

This is called the harmonic oscillator operator [10]. By virtue of B. Simon [22], 

we can construct a class of Sobolev spaces over R 1 by means of A as follows. Set 

~,~(x) = ( ~-~ 1 n > o, 
Ldx n J' - 

then en(x) C S(R  1) and we have Aen = 2(n + 1)e~, {e,~,n _> 0} is an ONB of 

L~(R1). Define for p > 0 

(3O 

E <  ,eo > + 1)] < 
n-----0 
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Then Sp(R ~) is a Hilbert space and furthermore, for arbitrary p _< q, Sq(R l) C 
Sp(R 1) and 

s(R ) : r'l S,(R'), S(R ' )* :  [.J S_,(R'). 
pcR+ pER+ 

Moreover, S_p(R 1) is the dual of Sp(R1). The dual pairing < .,. > between 
S_p(R l) and Sp(R 1) is given by 

OO 

<¢, ~)> ---- ~--~(¢, en><~), en>, ¢ E S_p(R1) ,  ¢ C ,--qp(R1). 
~'1,=0 

In other words, for arbitrary p > 0, Sp(R 1) is the L2(R1)-domain of A p and 

Iifll2,p = I[.APflI2 where II" 112 is the norm of L2(R1). For p < 0, we could also 
define the norm II" ll2,p similarly. 

For n > 2, we put 

where 

Sp(R n) =: {f  C L2(Rn):  Ilfll2,p < ~ }  

=: IIF(A)PflI~ = ~ H [2(ki+ 1)] 2p (f, ek16"'@ek,,} 2. 
kl, . . . ,kn i=1 

Here F(A) denotes the second quantization operator of A. F(A) is defined on the 
dense subset spanned by {f16" '"  @f,~, fi E L2(R1)} of symmetric Fock space of 

H as follows: 

r ( A ) ( f l 6  • • • 6 fn )  =: A f ~ . . .  ~Afn. 

We denote simply by (L 2) the space L2(S(R1) *, B(S(R1)*), #). Hence for each 
¢ e (L 2) there exists uniquely a sequence {f(,0, n > 1} in L2(R '~) such that ¢ 
admits the It6-Wiener decomposition 

OO 

¢ : ~ In(f (')) 
n=O 

where In(f ('~)) is the multiple Wiener integral of f('~) defined by 

In(f (')) =: n! [ f('~) (Sl, • •., s,,)dg, l ""  dBs,,. 
J s  l < ' " < s n  

As a direct consequence, we can easily have 11¢115 = E~-o  n!llf(")llN- 
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In the sequel we usually write ¢ ~ (](n)) to specify the sequence {f('~)}. Now 
we are in a position to construct Sobolev spaces over the white noise space. 

Suppose p _> 0 and set 

(s)p =: ¢ e (L2): ¢ ~ ( $ (" ) ) ,~_n! l l f (n ) l t~ ,p  < ~ ; 

then (S)p is a Hilbert space with the norm I1" 112,p given by 

(x) 

II¢ll~,p = ~ n!llf('~)ll~,p < co. 
n----0 

For each p > 0 we denote by (S)_ v the dual space of (S)p. Here we identify (L 2) 

with its dual. Each element of (S)_p corresponds uniquely to a sequence {f( ' )}  

with S(n) C S_p(R - ' ' - - ~ )  satisfying 

(2O 
2 II¢lh,-p ~ n ! l l $  (n) 2 = II~,-p < ~ .  

n----O 

For each p > 0 we have (S)p c (L 2) C (S)_p. {(S)p,p 6 p1} is called Sobolev 

spaces over the white noise space. Define 

(s) = N (s)p, ( s ) . =  U (s)_p 
p E R +  p e l t +  

We call the element of (S) (resp. (S)*) white noise test functional (resp. distri- 

bution). 
The S-transform of functional ¢ E (S)* is defined by 

( s¢ ) (~ )  =: ((+,: ~(,~) :)>, ~ • S ( R  ~) 

where: e(',~) :=: exp((., ~) - 1/2-1[~1122} in (S) and ((., .)) denotes the dual pairing 

between (S)* and (S). 
The Hida's differential operator Or, t • R 1, is defined as 

Ore=: S - I { ~ ( t ) ( S ¢ ) ( , ) } ,  4 6  S(R1),  4 6  (S) 

where 5/5~(t) stands for Fr~chet functional derivative [10]. This operator could 

also be interpreted as Ghteaux derivative in the direction of 6t, delta function at 

t. More specifically, let ¢ 6 (S) and x, y • S(R1)*; the G£teaux derivative of ¢ 

at x in the direction y is defined as 

Dye(X) = d ¢ ( x  + sy)ls= o. 
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It is well known that  [10] for all y • 8 (R i )  *, Dy is a continuous linear operator on 

($) and, if y • $ (Ri ) ,  it can actually be extended to a continuous linear operator 

on (8)*. Accordingly, for all y • S(R1) * the dual operator Dy is a continuous 
linear operator on (S)* and, if y • $ (Ri ) ,  its restriction is a continuous linear 

operator on (S). For the special choice y = 6t, we have Ot = Dst. 

Definition 1.1: (a) A white noise distribution ¢ is called an L- func t iona l  if for 
1 1 each ~ • $ (Ri ) ,  there exist (S¢)'(G ") • L~oc(Ri), (S¢)L(G ") • Ltoc(R ) and 

L i /~2~ such that the first and the second order variations can • 

be expressed uniquely in the forms 

(S¢)'(~)(z]) = / R  ~ (8¢)'(4, t)~}(t)dt, 

(S¢)"(()(~, ~) = /R2  (S¢)v(G t, s)~/(t)~(s)dtds + /R '  (S¢)L (G t)Tl(t)~(t)dt, 

for each pair ~}, ~ • S(Ri) ,  and for any finite interval T c R i, fT(S¢)L(~, t)dt is 

a U-functional. 

(b) Let DL denote the set of all L-functionals. For ¢ • DL and any finite 
interval T C R i, Ldvy Laplacian A T is defined by 

We also apply the same symbol A T to the U-functional of the L-functional. 

2. Generalized L6vy Laplacian 

In this section we suggest a natural generalization of the usual L6vy Laplacian, 

originated by P. Ldvy in H = L:[0, 1] [14] as an infinite dimensional extension 

similarly to the finite dimensional Laplacian and subsequently were well studied 
in white noise calculus by a number of people mentioned above [10]. 

Our generalization differs from the original one (see [10]) which allows only 

&function type singular in the kernels of the second order functional derivative 

instead of permitting derivatives of any order of &function. The sort of higher 

order singularies have appeared in the reformulation of Yang-Mills theory in 

order to avoid the use of vector potential [1], [3]. 

Definition 2.1: Assume ¢ E (S)* and F(~) = S¢(~). For each ~ E $ ( R  i) we call 

¢ or F an M - o r d e r  GLV (Genera l i zed  Ldvy, Vo l t e r r a ) - func t iona l  if F(~) 
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has the following finite functional derivatives of the forms: for ~j, ~ E 3 ( R  1) 

M 

( E l ( 4 ) '  ~) : ~ 0 : / ~ 1 F ( i ) ( 4 ' t ) ~ < i ) ( t ) d t '  

M 

(2.1) (F"(~) , ,®()=~_o/R FcL,<i)(~,t),(i)(t)((i)(t)dt 

M 

+ E / R  FGv,(i)(4, s, tfil(i)(s)¢ (~) (t)dsdt, 
i=0 2 

where ~1 (i) (t) denotes the i-th order derivatives of ~l(t) and F(i), FGL,(i) and FGV,(i) 
satisfy the following conditions: 

1 1 .) (1) For each ~, F(i)(4, ") E L~oc(R1), FGL,(i)(~, ") E L~oc(R ) and FGv,(~)(~, ", 
1 2 C Llo~(R ) is symmetric. 

(2) For any finite interval T C R ~, fTFGL,(~)(~,t)dt < c¢ and 

fT FGV,(~)(~, s, s)ds < ~ are both U-functionals. 
(3) The integer M is taken as small as possible such that all conditions de- 

scribed above are satisfied and therefore the decomposition (2.1) is unique. 

Bearing Definition 2.1 in mind, we are in a position to define the generalized 
L6vy Laplacian and Volterra Laplacian as follows. 

Definition 2.2: For any M-order GLV functional ¢ C (3)*, F(4) = S¢(4) and 

finite interval T C R 1, M E N. The genera l i zed  k-order  (k < M) L~vy 
L a p l a e i a n  A(k) ~ (k) ~Viw E ($)* (or AcLF(~))  is defined as 

-1 1 fTFaL'(k)( 't)dt} 
or  

A(k)F(~ ~TIfT CL ~J= FGL,(k)(Lt)dt. 

A(k) ~ = (k) The genera l i zed  k-order  Vol te r ra  Lap lac i an  --'Gvw ~- (8)* (or AGvF(4)) is 

defined as 
-1 1 ~ t)dt} 

or  

(k) 1 IT AGvF(~) = ~ FGV,(k) (4, t, t)dt. 

Clearly, whenever k = 0 above, Definition 2.2 turns out to be the ordinary 

case. From now on, unless otherwise specified we suppose k # 0 in the following 

sections. 
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Example 2.1: Extended Normal Functionals. Assume 

F(~) = ~ /R  fk( t l ' ' ' " tn) (~(k)( t l ) )m ""(~(k)(tu))PndQ'"dtn 
k=O "~ 

where fk C LZo~(R ) and denotes the k-order derivative of ((t). 

By a direct computation, we have for arbitrary ~j, < E S ( R  1) 

M n 

(F'(~), ~7) = E E pj fn f~(t~, . . . ,  tn)(~(k)(tt)) pl 
k=O j = l  n 

. . .  (~(k)(tj) )pj-1. . . (~(k)(t,) )p, " ,l(k) (tj)dtl . . . dt,,. 

Therefore 

M n 

{F"(~), , /® ~) = E Z p j ( p  j - 1 ) f  f k ( t l , . . .  ,tn)" (~(k)(tl))P' 
k=O j = l  JR'~ 

"'" (~(k)(tj))pj-2"'" (~(k)(tn))Pn" ~l(k)(tj) " ~(k)(tj)dtl. .  "dtn 

+ E PiPj f k ( t l , . . . ,  t~)(~(a)(tl)) m ' ' '  (~(a)(ti))P'-I 
n 

k=0 i,3=1 

. . .  (~(a)(tj))pj-1... (~(~)(t~))P". ~1 (k) (ti)" ~(k)( t j )dt l ' "  dt~. 

Thus, under some regular conditions we can suppose F is a GLV-fimctional and 

Definition 2.1 immediately yields that: 

The k-order generalized L6vy part is 

n 

E p j ( p j  - 1 ) f  h ( ta , . . . , t n ) "  (~(k)(tl))P' ' '" (~(k)(tj))PJ-2 
j = l  JRn-i 

• .. (~(k)(tn))Pndtx"" d ~ ' "  dt,~ 

and the k-order generalized Volterra part is 

n 

E PiPj f f k ( t l , . . . ,  tn)(~(k)(tl)) pl"'" (~(k)(ti))Pi-1 
i,j=l JRn-2 

• " (~(a)(tj))PJ-l... (~(a)(t,))Pndtx... d{i . . ,  d f j . . ,  dt , ,  

where the symbol "A" denotes the term is deleted. 

Example 2.2: Extended Exponential Functional At the present moment, let us 

define ¢ =: exp{e fn  f(t)(x(a)(t))~dt} : as a white noise distribution with its 

U-functional 

F(~) = exp{ e /A f(t)(~(k)(t))2dt } 
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L 1 tRl~ R 1. wheref ( t )  c loc~ j, c # I/2, A c 
Clearly, letting f ( t )  = 1, k = 0 immediately yields the ordinary exponential 

functional 

¢ = : e x p ( c / A x ( t ) 2 d t )  :. 

On the other hand, by a direct computation we can easily obtain for any finite 

interval T C R 1 
A(k) ,~ 2c fTnAl_~(t)dt ¢. 

aL~" = 1 -2-2c " 

The next theorems show that under some circumstances, the generalized L6vy 

Laplacian A~L) is actually a derivative operator despite its definition being closely 

associated with a second order functional derivative. 

THEOREM 2.1: Suppose either (1) 0 is a polynomially bounded C2-function over 

R 1 and F is an Rl-valued M-order GLV-functional with smooth kernels, or 

(2) 0 is a polynomially bounded analytic function on C and F is a C-valued 

M-order GLV-functional with smooth kernels. Then G(()  = 0 • F(~) is also a 

GLV-functional and 

(k) A(k )F /~  8(R1), k < M. n c L G ( ~ ) = 0 ' ( F ( @ .  GL ~ , ,  ~ e  

Proot~ First note that G is a U-functional since 0 is polynomially bounded. On 

the other hand, for arbitrary ~, ~/and ( in $(R1), we have 

(G'(~), r/) =0'(F(~)) • (F'(~), rl) 

(C" (~), '1 ® ~) =0' (F(,~)) (F"(~), ~/® ~) + 0"(F(~C))(F'(~), 'l> (F'(~), ~> 
M 

i=o 
M 

M 

for some $~)(~, . ,  .) c L~oAR~). Hence it, is dea r  that  

CCL,(k) (~, t) = O' ( F(~) ) . FGL,(k)(~, t), 

which immediately implies that 

(k) (k) 
AGLG(~ ) = 0'(F(~)) • AGLF(~). 
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THEOREM 2.2: Assume ¢, ¢ ~ ($)* are both M-order GLV-functionals F(() = 
S¢, G(~) = S¢, H(~) = F(~)G(~). Then ¢ : ¢ (Wick product of ¢ and ¢) is also 
the M-order GLV-functional and, for arbitrary k < M, we have 

and 

A(~) t~, (k) (k) = ( a ~ ¢ )  : ( ~ ¢ )  ~ ~ .  : ¢ )  ¢ + ¢ : 

(k) (k) (k) 
• ( % L G ( ~ ) ) .  = (AcLF(~)) .  G(~) + F(~) 

Proo~ Assume F(~), G(~) have the following second order functional derivative 
decompositions. For any 4, ~J and ~ ~ $ ( R  ~) 

M 

(F"(~),~?®() = ~,= fR~ FvL'(i)(~'t)~?(i)(t)((i)(t)dt 

M 

+ E / a :  FGV'(i) ((' s, t)~l (i) (s)((i) (t)dsdt 
i=O 

and 
M 

<G"(~), ~] ® { ) :  ~o: f a '  GcL'(O(~'t)'l(i)(t)~({)(t)dt 

M 

+ Z fR Gav,(o (~, s, t)~] (i)(s)~ (i) (t)dsdt. 
i=0 2 

On the other hand, by a direct computation we easily have 

<H"(~), 7 / ® {> =<F"(~), 'l ® ¢>G(~) + (G"(~), 'l ® {>F(~) 

+ <F'(~), ~><G'(~), ~> + <G'(~),,j><F'(~), ~>. 

Therefore, we can easily get 

(k) (k) (A(k) G t ~  ~ = (~XG~F(~)) G(~) + g ( ~ ) . ~  GL ,~,,, AcLH(~ ) 

that is, 
A(k)  {,4~ (k) (k) = (/%L¢) : (AGL¢). ' ~cL~"  : ¢) ¢ + ¢ : 

We recall that the convolution of two Hida distributions ¢ and ¢ is the white 
noise distribution ¢ * ¢ defined by 

(2.2) ¢ * ¢ = ¢ : ¢ : g - 2  

where gc is a white noise distribution with its U-fimctional given as 

1 I}(}]2), (e $(R1), c #  -1 .  (sg~)(~) exv~ 2 (c+1)  ) 
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It is well known that  

(2.3) (AL + 1)(¢ * ¢) = ((AL + 1)¢) * ¢ + ¢ * ((AL + 1)¢). 

Bearing (2.2) and (2.3) in mind, we are in a position to derive 

COROLLARY 2.3: Assume ¢ and ¢ are in 7)[A (k) ~ GLJ, the domain of Laplacian 
A(k) . then ¢ : ¢ is also in 7)(A~)L). Moreover, we have the following: GL, 

A(k) ,~, (k) (k) ¢ = (AGL¢) * ¢ + ¢ * (AcL¢)" 

3. R e l a t i o n s  w i t h  o t h e r  Lap lac i ans  

In this section we shall consider the relations between generalized L~vy Lapla- 

cian A(k) and other infinite dimensional Laplacians N, A* A (k) The relation " " G L  G ,  " ~ G V "  

between A(k) and Ac  will be considered in the next section. "~G L 

Firstly, we recall that the Gross Laplacian is a white noise kernel operator 

given by 

A c =  f /R2tr(s,t)O~'Otdsdt 

and the adjoint operator A~ of AC is a white noise kernel operator given by 

Furthermore, for any ¢ in (S)* we have 

S("5¢) ( , I )  = II'111~" S,/,(,I), ,1 e S(R1). 

The reader is referred to [10] for further details on the aspect. 

It is also well known that for each ¢ E ID(AL), 

AL.  A 5 ¢  = 2 ¢ +  A*G " ALe. 

:D( A (k) ~" then the following equality holds: THEOREM 3.1: Assume ¢ E ~ GLI, 

i ( k )  . A* * A (k) ~h 
G L  G ~  ) = A G  " "~GL'~'" 

Proofi Set F = S¢. Then the S-transform H(~) of AhL( ~ i8 given by H(~) = 

H~II2F(~). Set G(~) = I1~112 and we can easily see that --GL~A(k)~ = 0. Hence, in 

terms of the derivativity of n(k) ~.aGL , w e  h a v e  

AGLH(~ ) ( k )  \ /  
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which immediately implies that 

A(k) , , G L  " A G L ¢  = A G  " A ( k )  g~ G L W  

| as required. 

THEOREM 3.2: Assume N is the number operator; then the following commu- 

N A (k)]A N .  A(k) Z'-- A(k) . N¢  = °A(k) "~ 
, G L J W  = ~ G L ' ~ "  ~ G L  - - " " * G L ' e  

(k) 
for all ¢ e D(AGL). 

D/A (k) ~ F S¢ and G = S(N¢). Then by the properties Proof: Assume ¢ E ~ G L ] '  ~-  

of N from [10], we have 

a(4)  = <F'(4), ~>. 

Clearly, 

(G"(4), r/® ~) = 2<F"(4), 'l ® ~> + <F'"(~), 4 ® 'l ® ~> 

which immediately iml)lies that 

CGL,(k) (4, t) = 2FGL,(k)(4, t) + <FGL,(k)(', t)(4), 4>" 

Therefore, we obtain that 

sA(kL) (N¢)(4) = 2sA(kL)¢(4)+ SN(A(akL) ¢)(4). 

Suppose c > 0 and K~ is a C~-function over R 1 satisfying the following 
conditions: 

(1) supp(Ke) C ( -1 /2 ,  1/2); 

(2) 0 _< K~(t) <_ c -1 for all t E R1; 
f l / 2  ¢(t)K¢(t)dt = 1; (3) J-1/2 

•1/2 ¢(t)K~(t)dt = ¢(0) for all ¢ E C(R1); (4) lime-,o J-1/2 

(5) lim~-~o ca(e) > 0 where a(e) = f~2/2 g~(t)2dt. 
Recall that  T is a fixed finite interval in R 1 and define an integral operator Q~ 

by 

Q~4(t) = IT  K~(t - s)4(s)ds. 
i .  

Note that Q~ is a Hilbert-Schmidt operator on L2(T) and is continuous from 

L2(T) into S(R1). 

167 

tative relation holds: 
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THEOREM 3.3: Let T1 denote the interval {x : dist(x, T) < 1/2}. Assume F is 
a GLV-functional with the following decomposition given by 

M 
(F"(~), ~ ® ~} = ~=/R1FGL'(i)(~'t)Y(i)(t)~(i)(t)dt 

M 

+ ~ / R 2  FaV'(il(~'s't)~(~l(s)~(i)(t)dsdt" 

Assume that FCL,(~)(~,t) and Fcv,(i)(~,s,t) are continuous in ~, s and t. 
Suppose there exist nonnegative constants c, c1#, c2,i, CI,j,j, C2,j,j :> O, i, j 6 N 
and p, q >_ 0 such that 

(a) sup{[FGL,(i)(~,t)l;t 6 T1} <_ Cl,iexp{c2,,H~[[~,.} for all in S(R1); 
(b) sup{lFGv,(j)(L s, t)l; s, t e T1} <_ cl,3,jexp(c2,j,31[~l[~,p} for all in 8(RI) ;  

(c) ILA'QoA-qlIL~(R1) < c for all ~ > O. 

Then the following equality holds: 

A(k) w liIn 1 A(k) (W 
GL-- -~" e-+O ~(~) ~-*GV\-- " Qe). 

Proo~ Set Fe = F. Qe; then F" = Q~ • F"(Q~) • Q¢. Q~ is a Hilbert-Schmidt 

operator defined by the kernel Ke(t) and Qeu vanishes outside TI for arbitrary 

6 L2(T). Thus for any U~ ~ • L2(T), we have 

<F~"(~), ,] ® ¢) =<F"(Q~) ,  (Q~'I) ® (Q~¢)) 
M 

= E f~ FGL,(i)(Q~; t)(QJ/i)(t))(Q~¢(i)(t))dt 
(3.1) i=0 

M 

+ ~o= / ~T~ Fav'(i)(Q~;s't)(Q~(~)(s))(Q~(i)(t))dsdt" 

Using the properties of kernel function K~, we can easily rewrite (3.1) as follows: 
M 

(F~ (~), ~ ® i} = A~,i(~, Sl, 82)y (i) (Sl)~ (i)(s2)dslds2 
2 

M 

+ E f fT2 Be,j(~,Sl, S2)V(J)(sl)~(J)(82)dsld82 
j = 0  

where A~,(i) and B~,(i) are given by 

s2) : IT, FCL'(~)(Q~' t)g~(t - sl)K~(t- s2)dt, A~,(~)(~, sl~ 

s2) = gf JTf2 FGV,(i)(Q~, s, t)K~(s - s~)K¢(t - s2)dsdt. B~,(~)(~, Sl~ 
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Hence we can easily obtain 

A(k) ~ (c~ /T fT cv"  ~,-, -- ~-~] { A~,(k)(Gs, s)ds+ B~,(k)(~,s,s)ds}. 

Now, by virtue of assumptions (b) and (c) we see that  for all e > 0 and ~ C S(R1), 

(3.2) sup{]Fcv,(k)(Q~Gs, t)l,s,t e T1} <_ Cl,k,kexp{c'c2,k,kl]~H2,q} 

which, in addition to conditions (3) and (3.2), implies that  

/T IB~,(k)(~, S, s)lds 

~Cl,k,kexp{c" C2,k,k']~H2q} ~ [ / / T  2 K~(tl-s)K~(t2-8)dtldt2]d8 

=Cl,k,kexo{c" C2,k,kll'H92.,q} IT[ / f [_1/2 ,1 /212  K,(u)K,(v)dudv]ds 

Recall that  a(e) -+ oc as ¢ -+ 0, hence 

lim 1 /T  ,-~0 •(c)lTI B,,(k)(Gs, s)ds = O. 

On the other hand, in view of conditions (1) and (5) we can deduce 

1 
1 fTA~,(k)(Gs, s)ds - ~ fT FGL,(k)(Gs)ds ~(e)lTI 

1 -a(e)lT' fT [Z,,(k)(G s, s) - FGL,(k)(,, S ) ~ K,(t - s)2dt]ds 

--c~( 1)[T[ IT[IT1 (FGL,(k)(Q,~,t) -- F~L,(,)(~,8))K~(t-8)2dt]ds. 
Hence, by virtue of condition (2) we deduce that  

1 
1 fTA,,(k)(¢ ' s, s)ds -~ fT FGL'(k)(~' s)ds 

1 
<- ea(e)[T, fT [ fT, FCL'(k)(Q'Gt)- FGL'(k)(~'S) K,(t-  s)dt]ds. 

On the other hand, by virtue of condition (3) we have 

fT { fT1 FGL,(k)(Q~,t)-- FaL,(k)(~,t) Ke(t- s)dt}ds 

<- ~T1 FCL,(k)(Q,G t) - FGL,(k)(G t) dt. 
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Therefore, by assumption (a) and dominated convergence theorem we have 

e-~0 JT 

Moreover, in terms of condition (1) we easily derive 

iT { iT1 FGL'(k) (Q¢~,t) - FGL,(k)(~,t ) K~(t-  s)dt}ds 

= ST ( IT~_s FGL,(k)(~,u + s) -- FGL,(k)(~,s) Kdu)du) ds 

which, in addition to condition (4), immediately implies that 

aim f { ST1 FGL'(k)(~'t)--FaL'(kl(~'s)K~(t--s)dt}ds 
e-+O , I T  

= JT FGL,(k)(~, S) -- FaL,(k)(~, S) ds = O. 

It follows from the results derived above that 

lim 1 iT ~TIJT ~-+0 ~(~)ITI A~,(k)(4, s, s)ds = Fai,(k) (4, s)ds. 

The conclusion required now follows. | 

4. Quas i - ave rage  of  the generalized L~vy Laplacian 

Recall that an orthonormal base {en; n _> 1} of L2(T) is called equally dense if 
the following equality holds, i.e., for any f E L°°(T), T C R 1, a finite interval 

n 

n--~O n 

In particular, it is called uniformly bounded if sup{lle~ll~;n _> 1} <_ c~. We 

define quasi-average with respect to base {en} as follows. For k C N, 

n 

EkF(~) =: lim 1 E ( F "  (()ei, el) 
i = 1  

whenever the right side limit exists. Here F( ( )  is supposed to he a U-functional. 

It is well known that if T = [0,1], (1) {1, vl-2sin2krt, vi2cos2klrt, k >_ 1}, 
(2) Walsh functions are examples of equally dense systems [5]. Throughout this 

section, we suppose T = [0, 1], {ek} = {1, v/2sin 2kzrt, x/2cos 2kTrt, k > 1}. 
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THEOREM 4.1: Assume F is a GLV-functionat with the following" second 
functional derivative decomposition: ~1, ~ C S ( R  1) 

k 

= Z fa FCL,(O s)'l (i) (s)4 (i) (s)ds 
i = 0  1 

k 

+ ~ frt2 Fav'(i)(~'s't)'l(i)(s)~(O(t)dsdt" 

Then we have 
(k) 2k + 1 E F ~cLF(~)  - K~T~ ~k+l (~), k ~ N. 

Proof." By the definition of quasi-average, we have for ek = x/2sin2k~rt, k ~ N, 

E2k+IF(~) 
n 

1 F" 
n-+oo ~t k+l 

j=0 

n k 1 1 

1 ~ - - ~ 2 [ Z f o  ~ Fau,(il)(~,s,t)(sin27rjs)(il)(sin27rjt)(il)dsd t 
j = 0  i 1 : 0  

+ j~-o f°1Fai'(Jl)({'t)(sin27rjt)(Jl'(sin27rjt)('"dt] 

n 

l E 2 ~  1 = lira ~ FGL,(k) (~, t) (sin 27rjt)(k)(sin 27rjt)(k)dt 
n--+cx~ IZ k+l j = l  

= lira ~ FGL,(k)(~ ,t)(27rj)2kf(j, t)dt 
n --," ~ Tt 2kq-1 

(2~) 2k fo 1 -- 2k + 1 FGL'(k) (~' t)dt 

- (2~') 2k A (k) F 
2k + 1 GL 

where f ( j , t )  = v/-2sin27rjt or v~cos21rjt. II 

THEOREM 4.2: Let {1, v~sin  2kTrt, v~cos 2kTrt, k >_ 1} be the equally dense and 
uniformly bounded orthonormal base of L 2[0, 1]. Let P,~ denote the projection 
onto the linear span of {e l , . . . ,  en}. Suppose F E D(A(~ ))  and assume that, for 
arbitrary e > O, there exists 5 > 0 such that 

IFaL,(k)(5, t) --FaL,(k)(,l,t)l < ~, I'J--4l < a. 
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Then we have 
A(k) 2k + 1 

GL - -  2~r 2k n-,~lim A v ( F .  P~). 

Proof: Let Fn = F .  Pn; then Fn"(~ ) = PnF"(P,~)P,~. Hence F~'(~) is a trace 
class operator of L2([0, 1]) and, furthermore, AeFn  is given by 

oo 

AaFn = E (F" (P,~), (P, ek) @ (P~ek)} 
k = l  

n 

= ~ ( F " ( P n ~ ) ,  e~ ® ek/. 
k = l  

On the other hand, it is known that F"(~) is given as follows: 

k 

(F" (~), ~ ® ~) = i~o= /R2 Fav'(')(~' s' t)~(~)(s)¢(~)(t)dsdt 

k 

+ E / I t  FGL'(i)~I(i) (t)~(i) (t)dt. 
i=o 1 

Thus, we have 

AGFn (~) = FL(Pn~, t)e2(t)dt 
k = l  

+ Fav,(i) (P,~(, s, t~e(ilIJ k ~°J~k~°(i)(t)dsdt 
k = l  i=O 

+ ~_. FaL,(~)(P,~, t)e~ ~)(t)e(k ~(t)et. 
k = l  i=1  

Therefore, by the assumptions and carrying out the same arguments as in the 

proof of Theorem 4.1, we can prove that 

lim n2-~+lAaF~(~)-  (2~r)2kA(k)~ 
,-+~ 2k + 1 "~GL~, 

that is, 

A(k) p _ 2k + 1 lira n 2 ~ A a ( F .  Pu). 
a L -  (2~)2k n ~ o  
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5. R e l a t i o n s  w i t h  Kuo% Four ier  t r a n s f o r m  

Let us first recall the definition of Kuo's Fourier transform. 
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Definition 5.1: The Fourier transform of a generalized white noise functional 
¢ 6 (S)* is the unique generalized white noise functional, denoted by ¢ 6 (S)*, 

whose S-transform is given by 

= 

(S~)(~) -- ( S ¢ ) ( - i ~ ) .  e -1/2H'~H2, ~ E S(R1) .  

or, equivalently, 

It is worth pointing out that in [10] another more generalized infinite dimen- 

sional Fourier transform on ($)*, Fourier-Mehler transform, is also considered. 

The Fourier-Mehler transform Foe, 0 E R l, ¢ E (S)*, is defined as a unique 

generalized white noise functional with U-functional 

S ( F e ¢ ) ( ~ )  = S ¢ ( e ~ e ~ ) e x p {  i / 2  . e ~e sin(ll~ll2)}. 

A 

It is also well known that 

However, for the generalized L4vy Laplacian we have the following 

D~A(k) THEOREM 5.1: Assume ¢ E ~ GLJ, k > O; then 

A (k) ~ A(k) ,4 0 
~-'GL~" ~- " G L W  = 

where "A" in this section denotes Kuo's Fourier transform. 

Proof: Let ¢ E (8)*, F = S¢ and G = S¢; then 

a(~) = F ( - i ~ ) . e x p {  - 1/2[[([[~}, 

<G'(~, t), ,l(t)) = <-iF ' ( - i~ ,  t)e -1/211~11~ - ~ ( t )g ( - i~ )e  -1/211¢11~, y(t)) 
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and 

<G"(~)m ® ¢) 

= ( - F "  (-i~)(s, t)e -1/2IJ¢11~, q ® ~) + ie -1/211~1I~ . <~, ~> 

• <E'(-i~, t), ~(t)> - E(-i~)e -1/211~11~ (~](t), ~(t)> 

+ ie -1/211~11~ <~, ~><E'(-i~), ~> + e -1/211~11~ • (~(t)~(t), ~?(t)~(t)) 
M 

= - e-1/~11¢11] [ E  mR Fav'(9(-i~'s't)lT(i)(s)~(i)(t)dsdt 
i=0 2 

M M 
-t- ~SR FGL'(i)(--i~'t)?~(i)(t)~(i)(t)d'] 'l-ie-l/2'it~l'22 EL2~(') 

= i i=O R 

• F(i)(-i~)(s)lT(s)¢(i)(t)dsdt - J'R, F(-i~)e-ll211~ll~lT(t)¢(t)dt 

M 

+ ie-1/211¢11~ i o: ~(t)F(il(-i~)(S)lT(il(s)~(t)dsdt 

+ JR~ e-ll211~ll~(s)~(t)lT(S)~(t)dsdt" 

Consequently, 
GcL,(k)(~, t) = --e -1/211~11~ • FaL,(k)(--i~, t) 

which immediately implies that  

(5.1) (k)^ - e -  1/2i1~11~ ~--[ ST " S(AGL¢)(~) = FCL,(a) (--~, t)dt. 

On the other hand, we have 

S(A~L) ¢)(~) =S(A~L)) ( - i~)  • e-l/:ll~ll~ 

_,<>-1/211,¢11~_~ IlTI ST Fai,(a)(--i~, t)dt 

and 

(Sq$)(~) = F(-i~)  . e -1/21I~I1~ 

which, in addition to (5.1), immediately implies 

A 

A (k) ,~ - -A  (k) A | 
~ G L ' Y  = ~ G L  "t'" 

In a similar manner,  we can also prove the following 
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(k) 
THEOREM 5.2: For ally ¢ E ~I)(AGL ) and any finite interval T C 

following equality holds: 

(k) ~ 2 i 0 ~  [ A ( k )  A~ 
A c L ( F 0 ¢ )  = ~ ~oV'CLVJ 

where Fe~ is the Fourier-MeMer transform of ~, 0 E R 1. 
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